Abstract. We analyze the structure of the algebraic manifolds Y of dimension 3 with H i (Y, Ω 
Introduction
We study the structure of algebraic manifolds Y of dimension 3 with H i (Y, Ω j Y ) = 0 for all j ≥ 0, i > 0. Originally this question was raised by J.-P. Serre for complex manifolds [Se] . Since by Serre duality Y is not complete, Y is affine if it is a curve ( [H2] , page 68). If Y is a surface, it was classified by Mohan Kumar [Ku] (see the following theorem in this section). We are interested in three dimensional case. Suppose that X is a smooth completion of Y . If there are nonconstant regular functions on Y , i.e., h 0 (Y, O Y ) > 1, then Y contains no complete curves and the boundary is connected [Zh] . Therefore we may assume that the boundary is of pure codimension 1 by suitable blowing up subvarieties on the boundary. Let D be an effective divisor with simple normal crossings ( [KoM] , page 5) such that suppD = X − Y . The condition h 0 (Y, O Y ) > 1 is equvalent to κ(D, X) > 0. Here we use the standard definition of D-dimension due to Iitaka. If for all integers m > 0 we have H 0 (X, O X (mD)) = 0, then we define the Ddimension of X, denoted by κ(D, X), to be −∞. If h 0 (X, O X (mD)) ≥ 1 for some m, choose a basis {f 0 , f 1 , · · ·, f n } of the linear space H 0 (X, O X (mD)), it defines a rational map Φ mD from X to the projective space P n by sending a point x on X to (f 0 (x), f 1 (x), · · ·, f n (x)) in P n . Then we define κ(D, X) to be the maximal dimension of the images of the rational map Φ mD , i.e., κ(D, X) = max m {dim(Φ mD (X))}.
Let K X be the canonical divisor of X, then the Kodaira dimension of X is the K X -dimension of X, denoted by κ(X), i.e., κ(X) = κ(K X , X).
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Before we state our theorems, we need Mohan Kumar's result for surfaces. It is well-known that the type (2) and type (3) projective surfaces are rigid. However, the rigidity of the projective surfaces does not imply the rigidity of the open surfaces. The problem is that if a surface is affine, then its smooth completion can be any projective surface. In particular, it can be type (2) or type (3) projective surface. More precisely, assume that a type (3) projective surface X 0 deforms to a projective surface X 1 , then X 0 and X 1 have the same minimal model [I4] , [BaPV] , Chapter VI, Theorem 8.1. Let S 0 and S 1 be the corresponding open surfaces in Y contained in X 0 and X 1 respectively, then we have
) = 0 for all j ≥ 0 and i > 0 [Zh] . Since both affine surface and type (3) open surface satisfy this condition, even though X 0 is isomorphic to X 1 , in priory, S 0 and S 1 may not be of the same type. So we need to rule out the following case: some isolate fibre is affine but general fibres are not affine. We will carefully analyze how the cohomology of the sheaves O X (nD) changes when restricted to each fibre to obtain the deformation invariant of the open surfaces. Theorem 1.2. With the same assumption as in the above theorem, if one smooth fibre S 0 of f | Y over t 0 ∈ C is affine, then by removing finitely many fibres S 1 ,
When restricted to a fibre, if the global divisor D on X is ample, then the above theorem is trivial by [KoM] , Proposition 1.41. However, if an open fibre is affine, we only know that its boundary on the corresponding projective surface is the support of an ample divisor on the surface. There is no guarantee that this ample divisor on the fibre can be extended to a global divisor on X. We will use Goodman and Hartshorne's result (Lemma 3.1) to transfer the cohomology condition on the open fibre to the closed fibre in order to apply upper semicontinuity theorem.
LetC be a smooth projective curve containing C. Let F n = Ω j X ⊗ O X (nD). Now we do not assume H i (Y, Ω j Y ) = 0 for all j ≥ 0 and i > 0. We want to know whether Y satisfies this condition if every fibre S satisfies it, i.e., H i (S, Ω j S ) = 0 for all j ≥ 0 and i > 0. We know that if globally Y is such a threefold, then each fibre must satisfy the same vanishing condition [Zh] . The converse is very subtle. Assume that each fibre and the base satisfy some property in a fibre space, then globally the property may fail. A famous example is Skoda's counterexample [Sk] for Serre's question [Se] : Is the total space of a holomorphic fibre bundle with Stein base Z and Stein fibre F a Stein manifold? In order to prove that the vanishing Hodge cohomology holds for Y , we will first prove the locall freeness of the higher direct images R i f * F n for n ≫ 0. The local freeness is interesting on its own.
such that f is proper and surjective and each fibre X t over t ∈ C is of type (2) projective surface, then R i f * F n | C is locally free for all i ≥ 0 and n ≫ 0. Therefore
for all j ≥ 0 and i > 0. If we also assume that every horizontal divisor D i (i.e., f (D i ) =C) intersects each smooth fibre X t = f −1 (t) over t ∈ C with one prime divisor on X t , then for type (3) fibres, the theorem still holds. We add this technical condition because a prime component of D might intersect some fibre with two or more curves. Theorem 1.4. In the above commutative diagram, if each fibre X t over t ∈ C is of type (3) projective surface, then R i f * F n | C is locally free for all i ≥ 0 and n ≫ 0. We will prove these theorems in the following sections. The proof of Theorem 1.3 and Theorem 1.4 is similar. We will just prove Theorem 1.3. 
For the proof of Iitaka's theorem, see Lecture 3 [I1] or Theorem 8.1 [U] . The following two lemmas are known [Ku] . (1) If S is affine, then κ(G,S) = 2 and
for some positive constant c and n ≫ 0.
(2) If S is of type (2), then
for all n ≫ 0.
P roof.
(1) Since S is affine,S −S is support of an ample divisor A by Goodman's theorem [H2] , page 69. So κ(A,S) = κ(G,S) = 2 [I6] and [Ba] , Chapter 14. The estimate is obvious by Iitaka's Theorem.
(2) The equalities follow from Lemma 1.8, [Ku] 
(1) This is a standard result for the ruled surface over an elliptic curve. The proof can be found in [H1] , Chapter V, Section 2 or [Ku] .
(2) See Lemma 1.6 and 3.1 [Ku] . Q.E.D. Let f : X → Z be a morphism between varieties (schemes) with Z connected. Let z 0 ∈ Z, k(z 0 ) = K, and X z 0 ∼ = X 0 . Then the other fibres X z of f are called deformations of X 0 , [H1] , page 89. In the proof of Theorem 1.1, the deformation of a nonsingular complex surface X 0 means the following by the same notation: Both X and Z are smooth and f is surjective, proper and flat morphism (i.e., O X,x is a flat O Z,f (x) -module for all x ∈ X) such that the fibre over z 0 ∈ Z, X z 0 ∼ = X 0 , [BaPV] , page 36. By [I4] , we know that the deformation of a rational surface is again rational. By Theorem (8.1), Chapter VI, [BaPV] , the deformation of a ruled surface over a smooth curve of genus g ≥ 1 is also of the same type, i.e., has the same minimal model. We need Kodaira's stability of (− 1 
Further, in Kodaira's Theorem, there is a g: X ′ → U, a surjective, flat, proper holomorphic map such that the following diagram commutes:
where h| Xt : X t → X ′ t is the blowing down of E t . Let us state the contraction part precisely. The proof is due to Suwa [I5] , Appendix 1. Theorem(Suwa) Let X and Z be complex manifolds, and let f be a proper, surjective and flat holomorphic map from X to Z, such that every fibre X z is a smooth surface. If there exists a complex submanifold E of X such that its restriction to X z : E z = E ∩ X z is an irreducible exceptional curve of the first kind on X z at any z ∈ Z, then we can construct a complex manifold X ′ , which is proper over Z, and a holomorphic map h:
(2) Let F z = F | Xz , i.e., the sheaf F restricted to the fibre
is upper semi-continuous on z. That is, for any n ∈ Z, the set {z ∈ Z :
is locally constant on Z.
(4) The following statements are equivalent:
(ii) R i f * F is locally free sheaf on Z, and for all z ∈ Z, the natural map
is an isomorphism. In addition, if these conditions are satisfied, then
is an isomorphism for all z ∈ Z. For a proof, see [Mu] , page 46-53. In this section, from now on, we assume that the condition of Theorem 1.1 holds. Theorem 1.1 is a direct consequence of the following Lemmas.
Lemma 2.3. If one smooth fibre S t 0 = S 0 is of type (2) 
where f is proper and surjective and for all t ∈ C, X t = f −1 (t) is a smooth projective surface. The minimal model of X t is the same as the minimal model of type (2) or type (3) surface but may contains exceptional curves of the first kind.
Note that S 0 is not affine. Let X 0 = f −1 (t 0 ). By Lemma 2.1 and [U] Lemma 5.3, even though the divisor D 0 = D| X 0 contains exceptional curves of the first kind, we still have
Therefore every fibre S t over t ∈ U is not affine by Lemma 2.1.
Here the boundary divisor D 0 = D| X 0 may contain exceptional curves so X 0 may not be minimal. But p g is birational invariant and q is bimeromorphic invariant [BaPV] , page 107 and Kol2] , again by upper semi-continuity, p g (X t ) = 0 and q(X t ) = 1 for every t ∈ C. Now X 0 has the minimal model of a ruled surface over an elliptic curve, by the classification theorem (1.1), page 243 and deformation theorem (8.1), page 263, Chapter VI [BaPV] , there is an affine open set U such that for every t ∈ U, X t has the same minimal model as X 0 in Mohan Kumar's theorem, i.e., type (2) projective surface.
Similarly, if S 0 is of the third type, then there is an affine open set U such that S t over every t ∈ U is of the same type since the deformation of a rational surface is still rational [I4] .
Q.E.D.
Remark 2.4. If S is of type (2) open surface in Mohan Kumar's Theorem, then any point on S cannot be contained in any exceptional curve ofS, whereS is a smooth completion of S. So ifS is not minimal, then all exceptional curves are contained in the boundaryS − S.
Lemma 2.5. If there is an affine open set U in C such that for every t ∈ U, t = t 0 , (3) 
is not rational and the deformation of rational surfaces is still rational [I4] . We know that there are three possible smooth fibres [Ku, Zh] . So we only need to prove that S 0 is not affine. It suffices to prove that h 0 (X 0 , O X 0 (nD 0 )) is bounded for all n. In fact, in our case, it is 1. Here
s Stability Theorem of (−1)-curves and Suwa's Theorem, we may assume that D 0 has no exceptional curve of the first kind. So there is a small open set V in C (complex topology), for all points t ∈ V , D t = D| Xt has no exceptional curves of the first kind. In fact, if there is t 1 ∈ V , D t 1 has a component E 1 , such that E 1 is an exceptional curve of the first kind, then
then by upper semi-continuity, the Euler characteristic of O Xt (nE t ) is constant for every t ∈ V and every n ≥ 0. So for any n ≥ 0, we have
By Riemann-Roch formula, for all n ≥ 0, we have 1 2
This is impossible since D 0 has no (−1)-curves by our assumption. Thus for all t ∈ V and t = t 0 , X t is type (2) surface, i.e., a minimal ruled surface over an elliptic curve. But D t may not be a prime divisor. Let D ′ t be the elliptic curve (a section) as in Mohan Kumar's classification, then there is a positive integer n(t), depending on t such that D t = n(t)D ′ t . Since the function n(t) is discrete, there is a dense subset B in V such that n(t) is a constant c for all t ∈ B. Let t 1 ∈ V − B and K 1 = K X 1 . Considering the divisor D + cK X , when restricted to the corresponding fibre X 1 = f −1 (t 1 ), by upper semi-continuity, we have
where t ∈ B, D t + 2cK t = cD
Therefore n(t 1 ) = c for every t 1 ∈ V − B. Hence D t = cD ′ t for every t ∈ V . By changing coefficient locally, we may assume D| Xt = D ′ t , where 2D ′ t + K t = 0. Since 2D t + K Xt = 0 for every t = t 0 , similarly, considering the divisor 2D + K X , when restricted to every fibre X t , we have
On the other hand
So we have
Again this implies that the sheaf O X 0 (2D 0 + K 0 )) is trivial. Hence 2D 0 + K 0 = 0. Since S t has vanishing Hodge cohomology, and X 0 is isomorphic to X t , we have
Remark 2.6. Let U be covered by a set of small open discs U i . By the above argument, for each i, there is a constant c i such that for t (2) open surface since X 0 is rational by Iitaka's theorem [I4] . We only need to prove that S 0 is not affine as above lemma. It suffices to prove that h 0 (X 0 , O X 0 (nD 0 )) < cn 2 for all positive number c (Lemma 2.1).
As in Lemma 2.5, we may assume that D t contains no exceptional curves of the first kind for every t in U. In fact, if there is an exceptional curve E 1 of the first kind in D t 1 for some point t 1 in U, then locally analytically, E 1 sits in an irreducible nonsingular divisor D 1 of X, i.e., D 1 is a prime component of D. (We may assume that D is an effective divisor on X with simple normal crossings [Zh] .) Now f is proper on D 1 and D 1 is a manifold. So we can apply Kodaira's extension theorem locally on D 1 near D t 1 . More precisely, in our case, we can compute it directly. Since D 1 is smooth, for a small number ǫ > 0, in a neighborhood V = {t ∈ C, |t − t 1 | < ǫ} of t 1 , D 1 intersects every fibre X t with a prime divisor on
2), by the Riemann-Roch formula and upper semi-continuity, we have
where 
Hence D 0 + K 0 = 0. Since X 0 is of type (3) projective surface and H i (S 0 , Ω j S 0 ) = 0, we know that S 0 is not affine and must be of type (3) [Ku] . For any nonnegative integer n, there is m such that mD ′ t − nD t is effective. For example, we may choose m = an where a is the maximum coefficient of D t 's components. So
O Xt (nD t )) = 0 for all n ≫ 0 since K Xt and D t have the same support by Lemma 2.2. Consider h 1 (X t , O Xt (nD t )), there are three cases [Za] . Case 1. h 1 (X t , O Xt (nD t )) is bounded, i.e., there is a positive integer k such that for all n ≥ 0, we have
By Zariski's theorem, page 611, [Za] , D t is arithmetically effective. By RiemannRoch formula and Lemma 2.1, Lemma 2.2, we have
This equality gives us
) is bounded for all n. Then for every prime component E in D t , we have E.D t = 0 since D t is arithmetically effective. By Lemma 1.7 [Ku] , we know D t = n(t)D ′ t , where the positive integer n(t) depends on the point t in U. So for every n ≥ 0, by Lemma 2.1, we have
Now the Euler characteristic of
By the same argument as in the above lemma and remark, there is a positive integer c such that for every t ∈ U and t = t 0 , D t = cD ′ t . Considering the divisor D + cK X on X, when restricted to X 0 , we have
, then P is nef, N is negative definite (both are effective) and every component of N does not intersect P . Let E be a prime component of P . Locally analytically, E is contained in a prime divisor G of X. Let G| Xt = E t . Applying upper semi-continuity and Riemann-Roch formula to O X 0 (nE) and O Xt (nE t ), we have
This means that E must be a component of N which is a contradiction since no component of N intersects P . So P 2 = 0. By Corollary 14.18, [Ba] , κ(D 0 , X 0 ) ≤ 1. By Lemma 2.1, S 0 is not affine.
Case 2. If h 1 (X t , O Xt (nD t )) is as large as cn for some positive number c, then by Zariski's theorem [Za] , page 611, D t is arithmetically effective and the intersection form of D t is negative definite. This contradicts Lemma 1.6 [Ku] . So this case cannot happen.
Case 3. If h 1 (X t , O Xt (nD t )) is as large as kn 2 for some positive number k, then by Riemann-Roch formula, we know D (V ) . D i cuts every fibre X t , t ∈ V with an irreducible (−2)-curve. So over V , there is one to one correspondence between the prime divisor of D t and the prime divisor of f −1 (V ) . We may rearrange the coefficients of D i locally as in the proof of the above lemma such that
Then we reduce Case 3 to Case 1. This proves that S 0 is not affine.
Q.E.D.
Remark 2.8. If D t is not the special divisor as in Mohan Kumar's Theorem, i.e., D t has different coefficients from D ′ t but they have the same support, then we still have D t · K t = 0 by Lemma 3.1 [Ku] . Since h 0 (X t , O Xt (nB)) = 1, by Riemann-
Since B is definite negative, by Lemma 1.6 [Ku] , we know that the support of B is strictly smaller than the support of D t .
Remark 2.9. Let X t be of type (3) projective surface and D ′ t the special divisor as above. Let E be any prime component of D
Lemma 2.10. If S 0 is affine then there is an affine open set U in C such that for every t ∈ U, S t is affine. P roof. This is a direct consequence of the above lemmas since S 0 only can be one of the three surfaces.
Lemma 2.11. If there is an affine open set U in C such that for every t = t 0 , S t is affine, then S 0 is affine. P roof. This is an immediate conclusion of Mohan Kumar's classification and upper semi-continuity theorem.
The first half of Theorem 1.1 follows from the above lemmas. The second half is a direct consequence of Theorem 5.11 and Theorem 6.12 in [U] . In fact, if one smooth fibre X 0 is not affine, then all smooth fibres are not affine by the above lemmas. Since X 0 is a ruled surface, κ(X 0 ) = −∞. So
This completes the proof of Theorem 1.1.
Proof of Theorem 1.2
Lemma 3.1 (Goodman, Hartshorne) . Let V be a scheme and D be an effective Cartier divisor on V . Let U = V − SuppD and F be any coherent sheaf on V , then for every i ≥ 0,
This lemma enables us to transfer the cohomology information from Y to its completion X.
P roof of T heorem 1.2. The idea is to prove for any coherent sheaf
Since the dimension of Y ′ is 3, we only need to consider i = 1, 2, 3. We use the technique in [Zh] with some modification. We present all details for completeness.
Notice that Y ′ ⊂ Y . Let F Y ′ be any coherent sheaf on Y ′ , then it can be extended to a coherent sheaf F X on X and F Y | St , F X | Xt are coherent, [H1] page 115, page 126. We will not distinguish them and just write F . Since general fibre X t over t ∈ C is smooth and irreducible [Zh] and for any F , there is an open set U in C such that R i f * F is locally free on U, we may assume that R i f * F is locally free on C and every fibre over C is smooth and irreducible.
(1) Proof of H 3 (Y, F ) = 0. Since S t is affine for every t in C, we have
for all i > 0 and t ∈ C. Since each fibre has dimension 2, we have H 3 (X t , F n,t ) = 0 for all n ≥ 0 and t ∈ C. By upper semi-continuity, R 3 f * F n = 0 for all n. Again by Goodman and Hartshorne's Lemma,
(2) Proof of H 2 (Y, F ) = 0. It suffices to prove the claim for locally free sheaves. In fact, suppose H 2 (Y, L) = 0 for any locally free sheaf L on X. For any coherent sheaf F on X, there is a locally free sheaf L on X such that we have the surjective map L −→ F . Let K be the kernel, then we have short exact sequence on Y
So we may assume that F is a locally free sheaf on X. Let t ∈ C. From the exact sequence
tensoring with F then with O Xt , we have
Since D t is a curve, H 2 (X t , F n+1,t | Dt ) = 0 for all n ≥ 0 and t ∈ C. So the map H 2 (X t , F n,t ) → H 2 (X t , F n+1,t ) is surjective. Since S t = X t − D t is affine, by is zero for all points t in B. By the local freeness, this says for every point t in B, the stalks satisfy lim
To see this, fix a point t 0 in B, for any sufficiently large n and for the above l, choose an affine open set V containing t 0 such that both R 1 f * F n and R 1 f * F n+l are locally free on V . So there are two positive integers m 1 and m 2 such that
. Now for infinitely many maximal ideals P, we have commutative diagram
Since the direct limit of R 1 f * F n is quasi-coherent, its support is locally closed. Now B is dense and connected in complex topology, there exists an affine open set U inC such that on U, the direct limit 
This finishes the proof of Theorem 1.2.
Remark 3.2. In our above proof of step 3, we encounter the following two questions if we do not know the local freeness of R 1 f * F n . (1) Let U be a smooth affine curve, then O(U) = A is a Dedekind domain. Let N be a finitely generated module over A, then under what condition, ∩(PN) = 0? Where P runs over all maximal ideals of A. A sufficient condition is that N is projective module. But this condition is too strong. Our N is defined by cohomology. It is hard to see it is projective or not. Definitely finitely generated module is not sufficient. For example, let
, then ∩(PN) = 0. (2) Let A be a Dedekind domain and P as above, let (M n , f n ) be a direct system of finitely generated A-modules. 
We will prove that for any two points t, t ′ ∈ C and all n ≫ 0, we have
Then by upper semi-continuity theorem, we are done. By the above short exact sequences, for both fibres X t and X t ′ , we have the commutative diagram
where the natural map φ is defined as follows.
there is a number a ∈ C such that ξ = α 1 (a). Thus we define φ(a) = β 1 (a). If ξ is not contained in the image of
is locally free for all i ≥ 0 and n ≫ 0. P roof. Notice that we have the short exact sequence ( [H1] , II, Theorem 8.17 and [GrH] , page 157)
Xt (nD t ) −→ 0. By Lemma 2.1, for every t ∈ C, we know
By the same argument as the above lemma, for any two points t, t ′ ∈ C and all n ≫ 0, writing the long exact sequences for t and t ′ , we have
P roof. Since S t is a surface, we only need to consider i = 1, 2. The claim is obvious for O Y . Since S t is smooth, we have the exact sequence 
Hence the claim holds for Ω 
By the local freeness lemmas and Goodman and Hartshorne's Lemma, we have
Q.E.D.
Proof of Theorem 1.6
We will prove Theorem 1.6 by construct an example. Let C t be a smooth projective elliptic curve defined by y 2 = x(x − 1)(x − t), t = 0, 1. Let Z be the elliptic surface defined by the same equation, then we have surjective morphism from Z to C = C − {0, 1} such that for every t ∈ C, the fibre f −1 (t) = C t .
Lemma 5.1. There is a rank 2 vector bundle E on Z such that when restricted to C t , E| Ct = E t is the unique nonsplit extension of O Ct by O Ct , where f is the morphism from Z to C.
P roof . Since f : Z −→ C is an elliptic fibration, for every t, we have
It gives us (R
By Nakayama's lemma, R 1 f * O Z is a line bundle on C. Since C[x, 1/x, 1/(x − 1)] is principle ideal domain, the Picard group of C is trivial, i.e., any line bundle on C is trivial. Therefore R 1 f * O Z ∼ = O C and
Given ], 1 ∈ H 1 (Z, O Z ). This nonzero element 1 corresponds to a rank 2 vector bundle E such that when restricted to every fibre C t , it is the nonsplit extension of O Ct by O Ct . In fact, in the natural restriction map Q.E.D.
Lemma 5.2. There is a divisor D on X = P Z (E) such that when restricted to X t = P Ct (E t ), D| Xt = D t is the canonical section of X t .
P roof. By the above lemma, we have surjective map from E to O Z . It corresponds to a section σ : Z −→ X. When restricted to C t , σ| Ct = σ t : C t −→ X t is the unique nonsplit extension of O Ct by O Ct .
Q.E.D. In the example, every fibre is Stein and the base curve is Stein but we do not know whether the threefold is Stein. It is also interesting to construct a threefold with type (3) open surfaces as fibres.
